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Parametri derivation of the observable relativisti periastron advane for binary
pulsars
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h-Physikalishes Institut, Friedrih-S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(Dated: 13th November 2018)
We ompute the dimensionless relativisti periastron advane parameter k, whih is measurable
from the timing of relativisti binary pulsars. We employ for the omputation the reently derived
Keplerian-type parametri solution to the post-Newtonian (PN) aurate onservative dynamis
of spinning ompat binaries moving in eentri orbits. The parametri solution and hene the
parameter k are appliable for the ases of simple preession, namely, ase (i), the binary onsists of
equal mass ompat objets, having two arbitrary spins, and ase (ii), the binary onsists of ompat
objets of arbitrary mass, where only one of them is spinning with an arbitrary spin. Our expression,
for the ases onsidered, is in agreement with a more general formula for the 2PN aurate k, relevant
for the relativisti double pulsar PSR J07373039, derived by Damour and Shäfer many years ago,
using a dierent proedure.
PACS numbers: 04.25.Nx, 97.60.Gb, 97.60.Jd, 97.80.-d
I. INTRODUCTION
A detailed knowledge about the dynamis of spinning
ompat binaries is of interest to both astrophysiists and
theoretial physiists. The astrophysial interest arises
from the highly aurate radio observations of relativis-
ti binary pulsars, whih an be used to test general rel-
ativity in strong eld regimes [1℄. Moreover, inspiralling
spinning ompat binaries are promising soures of grav-
itational radiation for the ground based and proposed
spae based laser interferometri gravitational-wave de-
tetors [2℄. The theoretial interest is due to the possibil-
ity of onstruting numerially spinning ompat binary
ongurations in full general relativity [see Ref. [3℄ and
referenes therein℄. Further, it is of some interest to ex-
plore if the dynamis of spinning ompat binaries will
be deterministi or not [4, 5℄.
In many of the above mentioned senarios, the dynam-
is of spinning ompat binaries an be desribed in great
detail by the post-Newtonian (PN) approximation to gen-
eral relativity. The PN approximation allows one to ex-
press the equations of motion of a ompat binary as
orretions to Newtonian equations of motion in powers
of (v/c)2 ∼ GM/(c2R), where v, M , and R are the har-
ateristi orbital veloity, the total mass and the typial
orbital separation of the binary. For spinning ompat
binaries, the dynamis is determined, not only by the
orbital equations of motion for these objets, but also
by the preessional equations for the orbital plane and
the spin vetors themselves [6℄. Note that for spinning
ompat binaries, spin eets enter the dynamis for the
rst time through spin-orbit interation. Therefore, the
Hamiltonian desribing the leading order spin-orbit in-
teration an be added to the PN aurate onservative
∗
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Hamiltonian whih gives the dynamis of nonspinning
ompat binaries.
It is highly desirable to obtain Keplerian-type para-
metri solution to the onservative dynamis of spin-
ning ompat binaries. This is so as 1PN aurate
quasi-Keplerian parametrization, obtained by Damour
and Deruelle [7℄, is heavily employed to analyze radio ob-
servations of relativisti binary pulsars and to test general
relativity in strong eld regimes [8, 9℄. Moreover, 2PN
aurate Keplerian-type parametri solution for nonspin-
ning ompat binaries, obtained in Refs. [10, 11℄, is heav-
ily employed to onstrut highly eient ready to use
searh templates for nonspinning ompat binaries mov-
ing in inspiralling eentri orbits [12℄.
Reently, 3PN aurate generalized quasi-Keplerian
parametrization for the onservative dynamis of spin-
ning ompat binaries in eentri orbits was obtained in
Refs. [13, 14℄. More preisely, the PN aurate paramet-
ri solutions are available for the following two distint
ases: (i) the binary is omposed of two ompat objets
of equal mass and two arbitrary spins, and (ii) the two
objets have unequal masses but only one objet has a
spin. The PN aurate parametri solution may be used
to desribe the following two astrophysial situations. As
the measured neutron star (NS) masses in NSNS bina-
ries usually luster around 1.4M⊙, ase (i) may be used
to desribe suh NSNS binaries. The ase (ii) may be
appliable in the instane of a neutron star orbiting a
muh larger, rapidly rotating blak hole. In that ase,
the blak-hole spin will dominate the orbital preession,
and the neutron star spin may be negleted.
The above parametrization, for the two ases onsid-
ered, shows that the dynamis is integrable and annot
be haoti [5℄. The parametri solution will be employed
to onstrut ready to use searh templates of spinning
ompat binaries in inspiralling orbits [15℄. Further, it
will also be useful to onstrut a fully 2PN aurate tim-
ing formula, required to analyze binary pulsar observa-
tions by the Square Kilometre Array (SKA) [16℄.
2In this paper, we ompute, using our parametrization,
the observable dimensionless relativisti periastron ad-
vane parameter k, relevant for binary pulsars. The
expression for k that we derive will be appliable, like
the parametrization omputed in Ref. [14℄, only for the
two distint ases mentioned above. Our expression for
k is in agreement with the one obtained by Damour
and Shäfer [10℄. It should be noted that Damour and
Shäfer employed the evolution equation for the Laplae-
Runge-Lenz vetor, omputed from a Hamiltonian, to
obtain the spin-orbit ontributions to the parameter k.
In this paper, we employ our generalized quasi-Keplerian
parametrization, derived in Ref. [14℄, to ompute the pa-
rameter k.
There are two reasons that motivated us to do the
urrent omputation. The 2PN aurate expression for
k, derived by Damour and Shäfer, valid for arbitrary
masses and spins, is extremely important due to the dis-
overy of the double pulsar PSR J07373039 [17℄. This is
beause the aurate timing of the double pulsar over a
period of few years should lead to the measurement of the
moment of inertia of one of the pulsars [18℄. It is from the
measurement of k to 2PN order, whih inludes leading
order spin-orbit ontributions, that one will be able to
measure the moment of inertia of the fast rotating pulsar
in this double pulsar [10℄. The measurement of the mo-
ment of inertia of a neutron star for the rst time will lead
to strong onstrains on its equation of state [19, 20℄. We
ompute k, as mentioned earlier, using Keplerian-type
parametrization with the aim of presenting an alterna-
tive way of obtaining this observable quantity.
A seond reason for omputing k is the existene of
ertain intriguing features appearing in our parametriza-
tion. We observed that the fator that modulates the true
anomaly, due to spin-orbit interation, ontains a ontri-
bution, independent of the spins themselves, and of 1PN
order [see Eq. (5.6k) in Ref. [14℄℄. We want to make sure
that this feature will not appear in the observable param-
eter k, omputed using our generalized quasi-Keplerian
parametrization.
The paper is strutured in the following manner. In
Se. II, we briey desribe the 3PN aurate Keplerian-
type parametrization for the onservative dynamis of
spinning ompat binaries, moving in eentri orbits,
when spin eets are restrited to the leading order spin-
orbit interation, derived in Ref. [14℄, and point out its
salient features. Se. III and Se. IV deal with the issues
related to the derivation of the parameter k. We show for
the rst time how to derive k using the parametrization,
desribed in Se. II, after desribing how Damour and
Shäfer obtained k. We summarize our results in Se. V.
Appendies A and B provide details of our omputation
and onsisteny heks.
II. GENERALIZED QUASI-KEPLERIAN
PARAMETRIZATION FOR SPINNING
COMPACT BINARIES
Reently, 3PN aurate generalized quasi-Keplerian
parametrization for ompat binaries in eentri orbits
with the rst-order spin-orbit interation was obtained in
Refs. [13, 14℄ for the following two distint ases: (i) the
binary is omposed of two ompat objets of equal mass
and two arbitrary spins, and (ii) the two objets have
unequal masses but only one objet has a spin. The un-
derlying dynamis is fully speied by the following PN
aurate (redued) Hamiltonian H , written symbolially
as
H(r,p,S1,S2) = HN(r,p) +H1PN(r,p) +H2PN(r,p)
+H3PN(r,p) +HSO(r,p,S1,S2) ,
(2.1)
where HN, H1PN, H2PN, and H3PN are, respetively, the
Newtonian, rst, seond and third PN ontributions to
the onservative dynamis of ompat binaries, when the
spin eets are negleted. The leading order spin-orbit
oupling to the binary dynamis is given by HSO. In the
above equation, r = R/(GM), r = |r|, and p = P/µ,
where R and P are the relative separation vetor and
its onjugate momentum vetor, respetively. The famil-
iar symbols M and µ have the usual meaning, namely
the total mass and the redued mass. The expliit ex-
pressions for PN orretions, assoiated with the mo-
tion of nonspinning ompat binaries, were obtained in
Refs. [10, 21℄. The spin-orbit ontribution, available in
Refs. [10, 14, 22℄, reads
HSO(r,p,S1,S2) =
1
c2r3
(r×p) · S
e
, (2.2)
where the eetive spin S
e
is dened by
S
e
≡ δ1S1 + δ2S2 , (2.3)
with
δ1 =
η
2
+
3
4
(
1−
√
1− 4η
)
, (2.4a)
δ2 =
η
2
+
3
4
(
1 +
√
1− 4η
)
. (2.4b)
The nite mass ratio η is given by η = µ/M . The
(redued) spin vetors S1 and S2 are related to the
individual spins S1 and S2 by S1 = S1/(µGM) and
S2 = S2/(µGM), respetively. We reall that R, P,
S1, and S2 are anonial variables, suh that the or-
bital variables ommute with the spin variables, e.g., see
Refs. [6, 22℄.
In Ref. [14℄, we obtained the Keplerian-type
parametrization in an orbital triad (i, j,k). In this triad,
the unit vetor i is along the line of nodes, assoiated with
the intersetion of the orbital plane with the invariable
plane (eX , eY ), whih is the plane perpendiular to the
3total (redued) angular momentum J , the only onstant
vetor in our analysis. The unit vetor k is dened by
k ≡ L/L, where L = r × p is the (redued) orbital an-
gular momentum vetor, and hene k is perpendiular to
the orbital plane (see Fig. 1). We display below, in its
entirety, the parametri solution to the onservative 3PN
aurate dynamis of spinning ompat binaries moving
in eentri orbits, in ADM-type oordinates, with spin
eets restrited to the leading order spin-orbit intera-
tions. The dynamial vetors of the problem are given
by
r(t) = r(t) cosϕ(t) i(t) + r(t) sinϕ(t) j(t) , (2.5)
L(t) = Lk(t) , (2.6)
S(t) = JeZ − Lk(t) . (2.7)
We note that in the equal-mass ase (i) the (redued) to-
tal spin S is the sum of two arbitrary spins S1 and S2,
and in the single-spin ase (ii) S is either S1 or S2. In
our restrited ases, namely (i) and (ii), the (redued) or-
bital angular momentum L and the (redued) total spin
S preess about the onserved (redued) total angular
momentum vetor J = L+S at the same rate [14℄. This
onguration is alled simple preession in the literature,
e.g., see Ref. [23℄.
The time dependent basi vetors (i, j,k) are expliitly
given by
i(t) = cosΥ(t)eX + sinΥ(t)eY , (2.8a)
j(t) = − cosΘ sinΥ(t)eX + cosΘ cosΥ(t)eY + sinΘ eZ ,
(2.8b)
k(t) = sinΘ sinΥ(t)eX − sinΘ cosΥ(t)eY + cosΘ eZ .
(2.8)
The angle Θ denotes the onstant preession one angle
of L = Lk around J and is given by
sinΘ =
S sinα
J
, (2.9a)
cosΘ =
L+ S cosα
J
, (2.9b)
where the magnitude of the total angular momentum is
given by J = (L2 + S2 + 2LS cosα)1/2 and α is the on-
stant angle between L and S.
The time evolution for r(t), ϕ(t), and Υ(t) is given in
a parametri and PN aurate form, whih reads
r = ar (1− er cosu) , (2.10a)
l ≡ n (t− t0) = u− et sinu+
(g4t
c4
+
g6t
c6
)
(v − u) +
(
f4t
c4
+
f6t
c6
)
sin v +
i6t
c6
sin 2v +
h6t
c6
sin 3v , (2.10b)
ϕ− ϕ0 =
(
1 + k˜
)
v +
(
f4ϕ
c4
+
f6ϕ
c6
)
sin 2v +
(g4ϕ
c4
+
g6ϕ
c6
)
sin 3v +
i6ϕ
c6
sin 4v +
h6ϕ
c6
sin 5v , (2.10)
Υ−Υ0 =
χ
so
J
c2L3
(v + e sin v) , (2.10d)
where v = 2 arctan
[(
1 + eϕ
1− eϕ
)1/2
tan
u
2
]
. (2.10e)
The PN aurate expressions for the orbital elements ar, e
2
r, n, e
2
t , k˜, and e
2
ϕ and the PN orbital funtions g4t, g6t,
f4t, f6t, i6t, h6t, f4ϕ, f6ϕ, g4ϕ, g6ϕ, i6ϕ, and h6ϕ, in terms of E, L, S, η, and α, are available in Ref. [14℄. The mass
dependent oupling onstant χ
so
onnets the eetive spin with the total (redued) spin via S
e
= δ1S1+δ2S2 = χsoS
and is given by
χ
so
≡
{
δ1 = δ2 = 7/8 for (i), the equal-mass ase ,
δ1(η) or δ2(η) for (ii), the single-spin ase .
We display below the 3PN aurate expression for the internal parameter k˜, appearing in Eq. (2.10) [this parameter
was denoted by k in Ref. [14℄, see Eqs. (5.5) and (5.6k) there℄. It onsists of two parts: the rst one due to the 3PN
aurate onservative dynamis of nonspinning point masses and the seond one due to the leading order spin-orbit
interation
k˜ = k˜
3PN
+ k˜
so
, (2.11)
where
k˜
3PN
=
3
c2L2
{
1 +
(−2E)
4c2
(
−5 + 2η +
35− 10η
−2EL2
)
+
(−2E)2
384c4
[
120− 120η + 96η2
4+
1
(−2EL2)
(−10080 + 13952η− 123pi2η − 1440η2)
+
1
(−2EL2)2
(36960− 40000η+ 615pi2η + 1680η2)
]}
, (2.12a)
k˜
so
=
3
c2L2
{
−
χ
so
3
− χ
so
S
L
cosα
}
. (2.12b)
It should be noted that k˜
3PN
gives the observable ad-
vane of periastron in the ase of nonspinning ompat
binaries. This results from the onstrution of k˜ [see
Se. V in Ref. [14℄ for details and Ref. [10℄℄. However,
when spin-orbit interations are added to the dynamis
of ompat binaries, k˜ does not diretly lead to the mea-
surable advane of periastron, relevant for binary pul-
sars. This parameter k˜ is a measure for the advane of
periastron only inside our parametrization and has to
be related to the observational one. Further, note the
presene of the χ
so
term (whih does not depend on the
spins), appearing in k˜
so
at the 1PN order. It is due to
these points, namely the χ
so
term that appears at the
1PN order and k˜ does not give the observable periastron
advane for spinning ompat binaries, that we ompute
the dimensionless observable periastron advane param-
eter k for spinning ompat binaries in this paper. Note,
that we have orreted the sign in front of χ
so
/3 in k˜
so
,
important for the proper nonspinning limit and the fol-
lowing alulation of the observable periastron advane
parameter k in Se. IV.
Before we go onto the details of omputing k, let us
list a few salient featurs of the parametrization. The pa-
rameter e, appearing in Eq. (2.10d), is given by the New-
tonian ontribution to say er. Note that at Newtonian
order all three eentriities er, et, and eϕ, are idential
to eah other and at PN orders they are related by PN
aurate relations [see Eqs. (5.7) in Ref. [14℄℄. Therefore,
it is possible to desribe the binary dynamis in terms
of one of the eentriities. We emphasize that, while
adapting the parametrization to desribe the binary dy-
namis, are should be taken to restrit orbital elements
to the required PN order. We are aware that the above
parametrization does not lead to the lassi Keplerian
parametrization simply by putting S = 0. The detailed
explanation of the nonspinning limit and the apparent
lak of a simple nonspinning limit is given in Se. IV B
in Ref. [14℄.
The above parametri solution is usually refered to as
the genaralized quasi-Keplerian parametrization for the
PN aurate orbital dynamis of spinning ompat bina-
ries. It extends the omputations of Damour, Deruelle,
Shäfer, and Wex [7, 10, 11, 13, 24℄.
Finally, we want to emphasize that the parametri so-
lution, given by Eqs. (2.5)(2.12), desribes the entire
onservative PN aurate dynamis of a spinning om-
pat binary in an eentri orbit, when the spin eets
are restrited to the leading order spin-orbit interation.
This means the parametrization onsistently desribes
not only the preessional motion of the orbit inside the
orbital plane, but also the preessional motions of the or-
bital plane and the spins themselves. Further, the deter-
ministi nature of the dynamis desribed by the Hamil-
tonian, given by Eq. (2.1) and treated as a self-ontained
dynamial system, naturally follows from the above para-
metri solution.
In the next setion, we develop the basis required to
ompute k from our parametrization.
III. RELEVANT INPUTS REQUIRED TO
COMPUTE k
In this setion, we will introdue two new triads, in
terms of whih it will be easy to obtain k. We will also
disuss in detail how to onnet these triads and hene
the parametrization expressed in terms of these triads.
A. The periastron-based triad for the
parametrization
As we are interested in omputing k using our
parametrization, it is natural that we introdue a
periastron-based triad (a, b,k). Later, we will express
the relative separation vetor r, given by Eq. (2.5), in
terms of this new triad.
Let us introdue this periastron-based triad in a ped-
agogial way. We start by writing the angle ϕ, given by
Eq. (2.10), in the following way
ϕ = v +Π . (3.1)
Remember, ϕ is the polar angle inside the orbital plane
measured from the line of nodes i, assoiated with the
intersetion of the orbital plane with the invariable plane
(eX , eY ), and v is the true anomaly, i.e., the angle be-
tween the (instantaneous) periastron and the position of
the relative separation vetor r. The angle Π may be
onsidered as the argument of the periastron, i.e., the
angle between the line of nodes i and the (instantaneous)
periastron. By omparing Eqs. (3.1) and (2.10), we an
easily infer the parametri evolution for Π. Therefore,
it is obvious that the angle Π ontains via k˜ the seular
ontributions to the periastron advane.
Inserting Eq. (3.1) into Eq. (2.5) and making use of
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Figure 1: The binary geometry and denition of various angles. Our referene frame is (eX , eY , eZ), where the basi vetor
eZ is aligned with the xed total angular momentum vetor J = L+ S, suh that J = JeZ . The invariable plane (eX , eY ) is
perpendiular to J . Important for the observation is the line-of-sight unit vetor N , pointing from the soure (ompat binary)
to the observer. We may have, by a lever hoie of eX and eY , the line-of-sight unit vetor N in the eY -eZ plane. k = L/L is
the unit vetor in the diretion of the orbital angular momentum L, whih is perpendiular to the orbital plane. The onstant
inlination of the orbital plane with respet to the invariable plane is Θ, whih is also the preession one angle of L around
J . The three lines of nodes are assoiated with the intersetions of the orbital plane, the invariable plane and the plane of the
sky. The orbital plane intersets the invariable plane at the line of nodes i, with longitude Υ, measured in the invariable plane
from eX = p, whih also gives the phase of the orbital plane preession. The orbital plane intersets the plane of the sky at
the line of nodes ii, with longitude Ω, measured in the plane of the sky, from eX = p. The subsript i in ii results from the
orresponding orbital inlination angle i. The dynamial longitude of periastron, measured in the orbital plane from i, is Π.
The observational longitude of periastron, measured in the orbital plane from ii, is ω. The above gure implies ω = ∆+Π.
familiar trigonometri relations leads to
r = r cos(v +Π) i + r sin(v +Π) j
= r cos v a+ r sin v b , (3.2)
where the new basi vetors are given by
a = cosΠ i+ sinΠ j , (3.3a)
b = − sinΠ i+ cosΠ j . (3.3b)
Now, it is obvious that a is the unit vetor pointing to-
wards the (instantaneous) periastron, as r is periodi in
the angular variable v with period 2pi in these new ba-
si vetors a and b. Hene it is straightforward to de-
ne the periastron-based orthonormal triad (a, b,k) ≡
(a,k × a,k), by rotating the (i, j,k) frame around the
orbital angular momentum unit vetor k, by an angle Π.
This gives us
ab
k

 =

 cosΠ sinΠ 0− sinΠ cosΠ 0
0 0 1



ij
k

 , (3.4)
where Π is the angle between i and the (instantaneous)
periastron unit vetor a, as explained above.
The periastron-based vetors (a, b) are o-rotating
with the preessing (instantaneous) Newtonian ellipse.
This is similar to the behaviour of a body xed referene
system usually enountered in lassial mehanis [25℄.
Hene, the set of angles (Υ,Π,Θ) is equivalent to the
Eulerian angles dened there.
In the next subsetion, we will introdue an observer-
based triad and investigate how to onnet the observer
and periastron-based triads.
6B. Conneting the observer and periastron-based
triads
The seond new triad that we introdue is a xed one
assoiated with the observer on earth and denoted by
(p, q,N). In this xed triad p and q are two orthogonal
unit vetors in the plane of the sky, i.e., the plane trans-
verse to the radial diretion N , pointing from the soure
(ompat binary) to the observer (see Fig. 1).
In order to ompute k using our parametrization, it is
natural to expet that we need to onnet the periastron-
based triad (a, b,k) to the observer triad (p, q,N). It is
possible to onnet these two frames with the help of ro-
tational matries quite similar to the way in whih the
(i, j,k) frame was onneted to the (p, q,N) frame in
Ref. [14℄ [see Se. VI in Ref. [14℄ for details℄. In this
paper, we ome from the observer triad (p, q,N) to the
periastron-based triad (a, b,k) with the help of four su-
essive rotations: rst, a rotation around p via the on-
stant angle i0 to ome to the referene triad (eX , eY , eZ),
seond, a rotation around eZ by an angleΥ, third, a rota-
tion around the diretion of the line of nodes i [assoiated
with the intersetion of the orbital plane with the invari-
able plane (eX , eY )℄ by an angle Θ, and, nally fourth,
a rotation around the orbital angular momentum dire-
tion k by an angle Π. In terms of rotational matries 
denoted by R[rotation angle, rotation axis]  we have
a(t)b(t)
k(t)

 = R[Π(t),k(t)] R[Θ, i(t)] R[Υ(t), eZ ]
×R[i0,p]

 pq
N

 , (3.5)
where the rst rotation appears at the right-hand side,
the seond one appears left from the one before, and so
on.
We note, that the approah to generate the (a, b,k)
frame via these rotations may be also adapted for senar-
ios, where the angle Θ depends on time. The onstant
behaviour of Θ is a diret onsequene of hoosing two
distint ases (i) and (ii), where our parametrization is
valid and hene we will use the fat that Θ is onstant
only at the end of our analysis.
It should be noted that there are other possible ways to
onnet the orthonormal triads (p, q,N) and (a, b,k). A
seond way to generate the (a, b,k) frame is desribed in
great detail by Damour and Shäfer in Se. 5 of Ref. [10℄
and involves three rotational matries. This way is losely
linked to the observation as it involves rotational matri-
es dened with the help of the observational longitude of
periastron ω and the orbital inlination angle i. Damour
and Shäfer onneted the observer triad (p, q,N) to
the periastron-based triad (a, b,k) via the following three
suessive rotations: rst, a rotation aroundN by an an-
gle Ω, seond, a rotation around the diretion of the line
of nodes ii [assoiated with the intersetion of the orbital
plane with the plane of the sky (p, q)℄ by an angle i, and,
nally third, a rotation around the orbital angular mo-
mentum diretion k by an angle ω. The orresponding
rotational matries read
a(t)b(t)
k(t)

 = R[ω(t),k(t)] R[i(t), ii(t)] R[Ω(t),N ]

 pq
N

 .
(3.6)
We note, that for the unit vetor ii along the line
of nodes, assoiated with the intersetion of the orbital
plane with the plane of the sky, the subsript i is em-
ployed as ii is related to the orbital inlination angle i
and to avoid any onfusion with the unit vetor i.
In the next setion, we obtain k with the help of the
parametrization and the ideas disussed in this setion.
IV. THE ADVANCE OF PERIASTRON
RELEVANT FOR BINARY PULSARS
In this setion, we will ompute k, the observable di-
mensionless periastron advane parameter due to k˜. Fol-
lowing Damour and Shäfer, the PN aurate total ob-
servable dimensionless periastron advane parameter k
an be written as
k = k
3PN
+ k
so
, (4.1)
where k
3PN
is the usual PN aurate periastron advane
parameter up to 3PN order, orresponding to the non-
spinning ase [see Refs. [10, 13℄ for the 2PN and 3PN
ontributions, respetively℄, and k
so
denotes the ontri-
bution due to spin-orbit interation. It should be kept in
mind that the 3PN ontribution to k
3PN
will not be re-
quired while probing the dynamis of relativisti binary
pulsars even with SKA.
Let us rst briey summarize how Damour and Shäfer
obtained k, espeially k
so
, in the next subsetion.
A. The derivation of k
so
 The approah of
Damour and Shäfer
Timing of binary pulsars allows via the observed Roe-
mer time delay the diret measurement of the argument
of periastron ω [8℄. Therefore, Damour and Shäfer de-
ned the relevant seular periastron advane as 〈dω/dt〉t,
or equivalently the timing parameter (not to be onfused
with the orbital angular-momentum unit vetor k)
k ≡
1
n
〈
dω
dt
〉
t
, (4.2)
where n is the mean orbital motion that appears in the
PN aurate Kepler equation, given by Eq. (2.10b), and
〈. . .〉t denotes the orbital average.
Damour and Shäfer omputed the ontribution to
dω/dt due to spin-orbit interation in the following way.
7First, they 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orbital angular momentum vetor L and the Laplae-
Runge-Lenz vetor A, whih traks the periastron ad-
vane, with the help of the 2PN aurate version of
Eq. (2.1). These preessional equations where orbital av-
eraged to obtain the rotational veloity vetor, denoted
byΩ in Ref. [10℄. The expression for dω/dt was extrated
from Ω by deomposing Ω along three non-orthogonal
diretions [see Eq. (5.11) in Ref. [10℄℄. In this way a
parametri solution to the dynamis of spinning ompat
binaries was not required to ompute the 2PN aurate
measurable dimensionless periastron advane parameter
k in Ref. [10℄, and hene the formula of Damour and
Shäfer for k is more general.
In the next subsetion, we will ompute dω/dt us-
ing our Keplerian-type parametri solution and the two
dierent ways of onneting the (p, q,N) frame to the
(a, b,k) frame.
B. The derivation of k
so
 The parametri
approah
This subsetion deals with the omputation of dω/dt,
arising due to spin-orbit interation, using our Keplerian-
type parametrization.
Following Damour and Shäfer, we introdue the ro-
tation veloity vetor Ω, ontaining all involved angular
veloities, and extrat dω/dt from it in the following way.
We have already noted that there are two dierent ways
to onnet the observer-based triad to the pariastron-
based one [see Eqs. (3.5) and (3.6) and related disussions
there℄. The rst way, given by Eq. (3.5), involves the an-
gular variables Π(t), Θ, Υ(t), and i0, appearing in our
parametrization, and the seond way, given by Eq. (3.6),
involves the angles ω(t), i(t), and Ω(t), where two of them
are relevant for the observations, namely ω(t) and i(t).
Therefore, we an deompose the rotation veloity vetor
Ω in the following two ways:
Ω =
dΠ
dt
k +
dΘ
dt
i+
dΥ
dt
eZ +
di0
dt
p , (4.3a)
Ω =
dω
dt
k +
di
dt
ii +
dΩ
dt
N . (4.3b)
Note, that the above two dierent deompositions
are along four/three non-orthogonal diretions, respe-
tively. The elementary rotation veloities, appearing
in Eq. (4.3a), an be dened with the help of our
parametrization, whereas in Eq. (4.3b) we have dω/dt:
the rate of hange of the argument of the periastron.
Further note, that Eq. (4.3b) is idential to Eq. (5.11) of
Ref. [10℄.
In order to extrat dω/dt and to relate it to the angular
variables assoiated with our parametrization we proeed
as follows. Sine all vetors, appearing in Eqs. (4.3), an
be expressed in terms of (a, b,k), it is lear that the
rotation veloity vetor Ω may also be written as the
sum of three elementary rotation veloities, along three
orthogonal diretions a, b, and k, namely
Ω = Ω(a)a+Ω(b)b+Ω(k)k . (4.4)
It is then straightforward to ompute the omponents
Ω(a), Ω(b), and Ω(k) in terms of the elementary rotation
veloities and angles appearing in Eqs. (4.3). The om-
ponents of Ω in the o-rotating periastron-based (a, b,k)
frame  using the parametrization-based variables and
the observation-based variables, respetively  are given
by
Ω(a) =
dΘ
dt
cosΠ +
dΥ
dt
sinΘ sinΠ +
di0
dt
(cosΠ cosΥ− cosΘ sinΠ sinΥ) =
di
dt
cosω +
dΩ
dt
sin i sinω , (4.5a)
Ω(b) = −
dΘ
dt
sinΠ +
dΥ
dt
sinΘ cosΠ +
di0
dt
(− sinΠ cosΥ− cosΘ cosΠ sinΥ) = −
di
dt
sinω +
dΩ
dt
sin i cosω , (4.5b)
Ω(k) =
dΠ
dt
+
dΥ
dt
cosΘ +
di0
dt
sinΘ sinΥ =
dω
dt
+
dΩ
dt
cos i . (4.5)
These general set of equations provides the transforma-
tion from the parametrized angles to the angles of interest
for the observation. We note, that the last omponent,
Ω(k), gives the so-alled intrinsi ontribution to the pe-
riastron advane ω˙intrinsi, dened by ω˙intrinsi ≡ Ω · k.
This is the omponent of Ω ating within the orbital
plane. However, in the timing of binary pulsars the pa-
rameter k enters in the (relativisti) argument of the pe-
riastron ω, and so we have to extrat dω/dt from the
above set of equations.
A lose inspetion of Fig. 1 indiates that i0 is onstant,
sine it onnets two invariant referene frames. For the
two distint ases (i) and (ii), where our parametrization
is valid, we also have Θ as a onstant angle. This allows
us to ome from Eqs. (4.5) to the redued set of equations
for the omponents Ω(a), Ω(b), and Ω(k), whih reads
dΥ
dt
sinΘ sinΠ =
di
dt
cosω +
dΩ
dt
sin i sinω , (4.6a)
dΥ
dt
sinΘ cosΠ = −
di
dt
sinω +
dΩ
dt
sin i cosω , (4.6b)
8dΠ
dt
+
dΥ
dt
cosΘ =
dω
dt
+
dΩ
dt
cos i . (4.6)
Solving the last equation, namely Eq. (4.6), for dω/dt
leads to
dω
dt
=
dΠ
dt
+
dΥ
dt
cosΘ−
dΩ
dt
cos i . (4.7)
The rst and the seond ontribution to dω/dt are di-
retly provided by our parametrization. We also gured
out that they an be obtained via the time evolution of
the Laplae-Runge-Lenz vetor without any parametriza-
tion (see Appendix B for details). The third ontribution
to dω/dt in Eq. (4.7), namely (dΩ/dt) cos i, needs a loser
inspetion. To obtain dΩ/dt, we multiply Eq. (4.6a) with
sinω and add it to the produt of Eq. (4.6b) times cosω,
whih results in
dΩ
dt
=
1
sin i
dΥ
dt
sinΘ (sinΠ sinω + cosΠ cosω) . (4.8)
Using now the expliit expressions for sinω and cosω,
given by Eqs. (A9) in Appendix A, in the above equation,
we get
dΩ
dt
=
1
sin2 i
dΥ
dt
SΘ(Ci0SΘ + Si0CΘ cosΥ) , (4.9)
where SΘ, CΘ, Si0 , and Ci0 are shorthand notations for
the onstant trigonometri funtions sinΘ, cosΘ, sin i0,
and cos i0, respetively. The time evolution for the or-
bital inlination i, appearing in Eqs. (4.7)(4.9), is simply
given by Eqs. (A4) in Appendix A.
Let us now expliitly ompute dΠ/dt, dΥ/dt and hene
dΩ/dt with the help of our parametri solution. Using
Eqs. (2.10), (2.11), and (3.1) for Π, and Eq. (2.10d) for
Υ, we display below the relevant parametri expressions
symbolially
Π−Π0 =
(
k˜
3PN
+ k˜
so
)
v + (. . .) sin 2v + (. . .) sin 3v
+ (. . .) sin 4v + (. . .) sin 5v , (4.10a)
Υ−Υ0 =
χ
so
J
c2L3
(v + e sin v) . (4.10b)
The struture of Eqs. (4.10) indiates that we an handle
the PN and the spin-orbit indued ontributions to dω/dt
separately.
To obtain the spin-orbit ontributions to 〈dω/dt〉t, we
ompute with the help of Eqs. (4.10) and (2.12b) the or-
bital averaged spin-orbit (so) ontributions to the above
required time derivatives〈
dΠ
dt
〉so
t
=
1
c2
〈
1
r3
〉
t
χso(−L− 3S cosα) , (4.11a)〈
dΥ
dt
CΘ
〉so
t
=
1
c2
〈
1
r3
〉
t
χso(L+ S cosα) , (4.11b)〈
dΩ
dt
cos i
〉so
t
=
1
c2
〈
1
r3
〉
t
χsoS sinα
cos i
sin2 i
× (Ci0SΘ + Si0CΘ cosΥ) . (4.11)
The quantity 〈1/r3〉t gives the orbital average of 1/r
3
,
r being the saled radial separation, to the Newtonian
order [see, e.g., Ref. [10℄℄〈
1
r3
〉
t
=
1
a3r(1− e
2)3/2
=
n2
(1− e2)3/2
. (4.12)
With the help of Eqs. (4.7), (4.11), and (4.12), it is
straightforward to obtain the spin-orbit indued ontri-
bution to k, dened by Eqs. (4.1) and (4.2), and it reads
k
so
= B
[
−2 cosα− sinα
cos i
sin2 i
(Ci0SΘ + Si0CΘ cosΥ)
]
,
(4.13)
where B is given in terms of our redued variables by
B =
nχ
so
S
c2(1− e2)3/2
. (4.14)
The proper nonspinning limit of Eqs. (4.13) and (4.14),
an be easily dedued as when S → 0, J is idential
to L, whih implies Θ → 0 and i0 → i, i being the
angle between N and L, and therefore k
so
vanishes. The
disappearane of k
so
as S → 0 indiates that the presene
of the 1PN aurate χ
so
term in k˜
so
, given by Eq. (2.12b),
does not have any observational onsequene.
Our result for k
so
is in agreement with Eqs. (5.17) and
(5.17a) of Ref. [10℄, when we speialize these equations
to the simple preession (for the equal-mass ase and for
the single-spin ase)
k
so
=
B
sin2 i
[
(1 − 3 sin2 i)(k · s)− cos i(N · s)
]
, (4.15)
where s ≡ S/S, k · s = cosα and the oeient B is
given here in terms of the non-redued variables, used by
Damour and Shäfer in Ref. [10℄ and in Appendix B, by
B =
nλ
so
S
c2M(1− e2)3/2
. (4.16)
The dimensionless mass dependent oupling onstant λ
so
is related to χ
so
by λ
so
= χ
so
/η (see Appendix B for
details). To hek the above agreement between our re-
sult and the one of Damour and Shäfer, we have used
Eqs. (2.9) and Eq. (A4a). The two expressions for the
oeient B, namely Eqs. (4.14) and (4.16), are identi-
al.
Let us now briey onsider the nonspinning 3PN a-
urate ontributions to k. These ontributions, enter
only via Π, orbital averaged analogue to Eq. (4.11a), our
omputation, and result in k
3PN
≡ k˜
3PN
. However, it
should be noted that the expression for k
3PN
, as given
by Eq. (2.12a), is not yet ready for appliation. This is
so as this expression for k
3PN
depends on the onserved
theoretial quantities E and L rather than on observable
9quantities like mean motion n and proper-time eentri-
ity eT . However, we have heked that up to 2PN order
our expression for k
3PN
is in agreement with the one of
Damour and Shäfer, obtained in Ref. [10℄.
Therefore, the 3PN aurate observable periastron ad-
vane parameter k beomes
k = k
3PN
+ k
so
, (4.17)
where k
3PN
is the orbital 3PN ontribution, orrespond-
ing to the nonspinning ase, given by the 3PN aurate
ontribution to Eq. (2.11), namely Eq. (2.12a). The spin-
orbit ontribution k
so
is given by Eqs. (4.13) and (4.14)
or equivalently by Eqs. (4.15) and (4.16). We reapitu-
late that k
3PN
≡ k˜
3PN
and k
so
6= k˜
so
, where k˜
3PN
and
k˜
so
are the orresponding ontributions to k˜, as given
by Eqs. (2.11) and (2.12). This results from the on-
strution of k˜ in Ref. [14℄ by ombining the parameter
k˜
3PN
= k
3PN
of the nonspinning ase with the internal
parameter k˜
so
, given by Eq. (4.45e) in Ref. [14℄, of the
spin-orbit parametrization [see Se. V in Ref. [14℄ for de-
tails℄.
Finally, let us present the following geometri explana-
tion why k˜ 6= k. The dierene between k˜ and k results
from the fat, that the angle Π assoiated with the pa-
rameter k˜  is measured from i and in ontrast to that,
the angle ω  assoiated with the observable parameter
k  is measured with respet to ii. The dierene be-
tween ω and Π is denoted by ∆ in Fig. 1 (see Appendix A
for details). In addition, we want to point out, that the
last rotationR[ω(t),k(t)] in Eq. (3.6) an be deomposed
into two parts
R[ω(t),k(t)] = R[Π(t),k(t)] R[∆(t),k(t)] , (4.18)
and so it is obvious that ω(t) = ∆(t) + Π(t) and orre-
spondingly we have dω/dt = d∆/dt + dΠ/dt. The on-
tribution of d∆/dt auses the dierene between k
so
and
k˜
so
.
V. CONCLUSIONS
We have presented a new method to ompute the PN
aurate observable dimensionless relativisti periastron
advane parameter k of a spinning ompat binary us-
ing our Keplerian-type parametri solution to the PN
aurate onservative dynamis of spinning ompat bi-
naries moving in eentri orbits [14℄. The expression for
k is appliable, like our parametri solution, only for the
following two distint ases, namely, ase (i), the equal-
mass ase and ase (ii), the single-spin ase. Our result
is onsistent with a more general formula for k, derived
by Damour and Shäfer, using a dierent proedure [10℄.
The omputation also helped us to larify ertain intrigu-
ing features that we observed in our parametrization.
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Appendix A: SOME ASPECTS OF THE BINARY
GEOMETRY AND RELATED DYNAMICS
In this setion, we make ontat with the variables and
angles, ommonly used in the literature [10, 26℄. It is ob-
vious that we have three planes in the binary geometry,
namely the orbital plane, the invariable plane and the
plane of the sky. The assoiated orthonormal triads are
(i, j,k), (eX , eY , eZ), and (p, q,N). Therefore, we may
dene three lines of nodes and assoiated inlination an-
gles in the following way. We infer from Fig. 1 that the
plane of the sky meets the invariable plane along a line
of nodes, haraterized by p = eX , as we hoose the line-
of-sight unit vetor N to lie in the eY -eZ plane. The
assoiated onstant angle i0 between N and J = JeZ
may be treated as the inlination angle, related to the
above line of nodes. In the seond ase, we onsider the
line of nodes i, reated by the intersetion of the or-
bital plane with the invariable plane. The orresponding
inlination angle, namely the angle between the orbital
angular momentum unit vetor k = L/L and J = JeZ ,
is denoted by Θ. Finally, we onsider the intersetion of
the orbital plane with the plane of the sky. We assoiate
ii with this line of nodes and the related inlination angle
i, the angle between k and the line of sight unit vetor
N , is the usually dened orbital inlination i and hene
the use of the subsript i in ii.
It is easy to gure out that the unit vetors, assoiated
with the last two lines of nodes, i and ii are dened by
i ≡
eZ × k
|eZ × k|
, (A1a)
ii ≡
N × k
|N × k|
. (A1b)
Using k, expressed in terms of (eX , eY , eZ) and
(p, q,N), given by
k = SΘ sinΥeX − SΘ cosΥeY + CΘeZ
= SΘ sinΥp+ (−Si0CΘ − Ci0SΘ cosΥ)q
+ (Ci0CΘ − Si0SΘ cosΥ)N , (A2)
we ompute the following expressions for i and ii as
i = cosΥeX + sinΥeY
= cosΥp+ Ci0 sinΥq + Si0 sinΥN , (A3a)
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ii =
1
sin i
[(Si0CΘ + Ci0SΘ cosΥ)p+ SΘ sinΥq] ,
(A3b)
where sin i = |N × k|. The time evolution for the (ob-
servational) orbital inlination i is simply given by
cos i = N · k = Ci0CΘ − Si0SΘ cosΥ , (A4a)
sin i = |N × k|
=
[
(Si0CΘ + Ci0SΘ cosΥ)
2 + S2Θ sin
2Υ
]1/2
=
[
1− (Ci0CΘ − Si0SΘ cosΥ)
2
]1/2
. (A4b)
The equation for cos i is in agreement with Eq. (6) in
Ref. [26℄. We may also obtain a dierential equation for
the time evolution of i, as given in Ref. [10℄. To get
that, we dierentiate cos i = N · k with respet to time
and make use of k˙ = L˙/L with L˙ = S
e
× L/(c2r3),
sin i = |N×k| and Eq. (A1b). In this way we dedue the
following dierential equation for the orbital inlination
i:
di
dt
=
1
c2r3
S
e
·
N × k
sin i
=
1
c2r3
S
e
· ii , (A5)
whih agrees with Eq. (5.15) of Ref. [10℄, whereas we
note that the quantity haraterizing the asending node
in Ref. [10℄, namely i, is idential to our ii.
Following Ref. [10℄, let Ω be the longitude of the line
of nodes ii, as measured from p in the p-q plane (plane
of the sky), whih implies
ii = cosΩp+ sinΩ q . (A6)
The time evolution for Ω is dened by either of the fol-
lowing two equations
cosΩ = p · ii =
1
sin i
(Si0CΘ + Ci0SΘ cosΥ) , (A7a)
sinΩ = |p× ii| =
1
sin i
SΘ sinΥ . (A7b)
Finally, we note that it is also possible to obtain the
time evolution for the longitude of periastron ω, mea-
sured from ii in the orbital plane, as dened in Ref. [10℄.
To do that, it is advantageous to dene a periastron-
based orthonormal triad (a, b,k) = (a,k×a,k). This is
easily obtained by a rotation of the (i, j,k) frame around
the orbital angular momentum unit vetor k, by an angle
Π. This gives us
ab
k

 =

 cosΠ sinΠ 0− sinΠ cosΠ 0
0 0 1



ij
k

 , (A8)
where Π is the angle between i and the (instantaneous)
periastron unit vetor a. The time evolution of ω is given
by either of the following relations
cosω = ii · a =
1
sin i
[−Si0 sinΥ sinΠ
+(Ci0SΘ + Si0CΘ cosΥ) cosΠ] , (A9a)
sinω = |ii × a| =
1
sin i
[(Ci0SΘ + Si0CΘ cosΥ) sinΠ
+Si0 sinΥ cosΠ] . (A9b)
The parametri solution to Π, whih also gives its time
evolution, is given by our parametrization via Eq. (3.1).
In addition, the parametri solution to Π an be also
obtained by noting that a = A/|A|, where A is the
Laplae-Runge-Lenz vetor given by
A = P × (R×P)− µ2GM
R
R
= µ2GM
[
p× (r × p)−
r
r
]
. (A10)
Further details are desribed in Appendix B.
Eq. (A9b) for sinω is in agreement with Eq. (6) in
Ref. [26℄. The additional hek sin2 ω + cos2 ω = 1 leads
to
sin i =
[
(Ci0SΘ + Si0CΘ cosΥ)
2 + S2i0 sin
2Υ
]1/2
,
(A11)
whih is equivalent to Eq. (A4b) (using trigonometri
relations).
Sine ii, i, and a lie in the orbital plane, we may dene
∆ suh that it is the angle between ii and i. This implies
that ω = Π + ∆ (see Fig. 1) and the time evolution for
∆ is given by
cos∆ = ii · i =
1
sin i
(Ci0SΘ + Si0CΘ cosΥ) , (A12a)
sin∆ = |ii × i| =
1
sin i
Si0 sinΥ . (A12b)
Finally, let ϕ
DS
be the polar angle of r, measured from
ii, as dened by Damour and Shäfer in Ref. [10℄. As we
dene ϕ from our i, this leads to ϕ
DS
= ϕ + ∆. Using
these inputs, it is possible to write the relative separation
vetor r in (a, b) in terms of ϕ
DS
and ω as
r = r cos(ϕ
DS
− ω)a+ r sin(ϕ
DS
− ω)b ,
= r cos v a+ r sin v b , (A13)
This is onsistent with Eqs. (5.5b), (5.6), and (5.10) in
Ref. [10℄. In our angular variables, Eq. (A13) reads
r = r cos(ϕ −Π)a+ r sin(ϕ−Π)b ,
= r cos v a+ r sin v b . (A14)
Appendix B: THE COMPUTATION OF Υ˙ AND Π˙
VIA THE LAPLACE-RUNGE-LENZ VECTOR
In this setion, we present an elegant way, starting
from the famous Laplae-Runge-Lenz vetor, to obtain
the time evolution of the apsidal motion without any
parametrization. The quantities in this setion are non-
redued for a simple omparism with the work of Damour
and Shäfer [10℄, and the work of Wex and Kopeikin [27℄.
11
We dene the following funtions of the anonially
onjugate phase spae variables R and P
L(R,P) ≡R×P , (B1a)
A(R,P) ≡ P × (R×P)− µ2GM
R
R
. (B1b)
The rst equation gives the orbital angular momentum
vetor L and the seond one the apsidal vetor A, whih
is the famous supplementary rst integral of the Kepler
problem. The vetor A is usually named after Runge
and Lenz or Laplae, though he was rst disovered by
Lagrange.
These vetors evolve aording to the fundamental
equations of Hamiltonian dynamis
dL
dT
= {L,H} , (B2a)
dA
dT
= {A,H} , (B2b)
where {. . . , . . .} denotes the Poisson brakets and H is
the full Hamiltonian for the relative motion of our bi-
nary system. As L and A are rst integrals of HN, only
H1PN+H2PN+H3PN+HSO ontribute to the right-hand
sides of Eqs. (B2). The eets of H1PN +H2PN +H3PN
are already studied in the literature, and so we just want
to onsider the ontribution of
HSO(R,P,S1,S2) =
G
c2R3
L · S
e
, (B3)
where the eetive spin S
e
is given by
S
e
≡
(
2 +
3m2
2m1
)
S1 +
(
2 +
3m1
2m2
)
S2 . (B4)
We reall that R, P , S1, and S2 are anonial variables,
suh that the orbital variables ommute with the spin
variables, e.g., see Refs. [6, 22℄. Using the basi Poisson
brakets {Ri,Pj} = δ
i
j , {S
i
1,S
j
1} = ε
ijkSk1 , {S
i
2,S
j
2} =
εijkSk2 , {R
i,Rj} = {Pi,Pj} = {S
i
1,S
j
2} = {R
i,Sj1} =
{Ri,Sj2} = {Pi,S
j
1} = {Pi,S
j
2} = 0, we nd
{L,HSO} =
G
c2R3
S
e
×L , (B5a)
{A,HSO} =
G
c2R3
[
S
e
×A− 3(L · S
e
)L×
n
R
]
.
(B5b)
After orbital averaging these expressions, we an write
down the equations for the preessional motion, indued
by the spin-orbit interation, in the vetorial form with
the help of the rotational veloity vetor Ωso〈
dL
dT
〉so
T
= Ωso ×L , (B6a)
〈
dA
dT
〉so
T
= Ωso ×A , (B6b)
where
Ωso =
G
c2
〈
1
R3
〉
T
[
S
e
− 3
L · S
e
L2
L
]
, (B7)
and 〈. . .〉T denotes the orbital average.
In ase of the so-alled simple preession, where the
orbital angular momentum L and the total spin S pre-
ess about the onserved total angular momentum vetor
J = L+S at the same rate [14, 23, 27℄, the preession of
the orbital plane and the longitude of periastron are best
desribed by the angles Υ and Π, dened with respet
to the invariable plane, i.e., the plane perpendiular to
J = J eZ (see Fig. 1 for details):
dL
dT
=
dΥ
dT
eZ ×L , (B8a)
dA
dT
=
(
dΥ
dT
eZ +
dΠ
dT
k
)
×A , (B8b)
where k = L/L denotes the unit vetor in the diretion of
the orbital angular momentum vetor L. The onditions
for the simple preession are fullled in our restrited
ases, namely (i), the equal-mass ase and (ii), the single-
spin ase. In these ases the eetive spin S
e
and the
total spin S are related by S
e
= λ
so
S, where the mass
dependent oupling onstant is given by
λ
so
≡


2 + 3/2 = 7/2 for (i), the equal-mass ase ,
2 + 3m2/(2m1) for (ii),S1 6= 0 ,S2 = 0 ,
2 + 3m1/(2m2) for (ii),S1 = 0 ,S2 6= 0 .
Note, that λ
so
= χ
so
/η. Using S
e
= λ
so
S in Eq. (B7)
and omparing Eqs. (B6) with an averaged version of
Eqs. (B8), we obtain the preession in terms of the angles
Υ and Π
〈
dΥ
dT
〉so
T
=
G
c2
〈
1
R3
〉
T
λsoJ , (B9a)〈
dΠ
dT
〉so
T
=
G
c2
〈
1
R3
〉
T
λsoL
(
−1− 3
L · S
L2
)
. (B9b)
We note, that in ase of dΥ/dT it is even possible to
obtain a non-averaged equation, if one uses Eq. (B5a)
instead of Eq. (B6a) for the omparism with Eq. (B8a).
Our results, given by Eqs. (B9), are in agreement with
Eqs. (4.11) and with Eqs. (38) and (42) in Ref. [27℄.
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